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Imaginary crystal bases for Uq(ŝl(2))-modules in category
Oqred,im
Ben Cox, Vyacheslav Futorny, and Kailash C. Misra
Abstract. Recently we defined imaginary crystal bases for Uq(ŝl(2))- mod-
ules in category Oqred,im and showed the existence of such bases for reduced
quantized imaginary Verma modules for Uq(ŝl(2)). In this paper we show the
existence of imaginary crystal basis for any object in the category Oqred,im.
1. Introduction
Consider the affine Lie algebra ĝ = ŝl(2) with Cartan subalgebra ĥ. Let {α0, α1}
be the simple roots, δ = α0 + α1 the null root and ∆ the set of roots for ĝ with
respect to ĥ. Then we have a natural (standard) partition of ∆ = ∆+ ∪∆− into
set of positive and negative roots which is closed (i.e. α, β ∈ ∆+ and α + β ∈ ∆
implies α+ β ∈ ∆+). Corresponding to this standard partition we have a standard
Borel subalgebra from which we induce the standard Verma module. Let S =
{α1 + kδ | k ∈ Z} ∪ {lδ | l ∈ Z>0}. Then ∆ = S ∪ −S is another closed partition
of the root system ∆ which is not Weyl group conjugate to the standard partition.
The classification of closed partitions of the root system for affine Lie algebras
was obtained by Jakobsen and Kac [JK85, JK89], and independently by Futorny
[Fut90, Fut92]. For the affine Lie algebra ĝ the partition ∆ = S ∪−S is the only
nonstandard closed partition which gives rise to a nonstandard Borel subalgebra.
The Verma module M(λ) with highest weight λ induced by this nonstandard Borel
subalgebra is called the imaginary Verma module for ŝl(2). Unlike the standard
Verma module, the imaginary Verma moduleM(λ) contains both finite and infinite
dimensional weight spaces.
For generic q, consider the associated quantum affine algebra Uq(ŝl(2)) ([Dri85],
[Jim85]). Lusztig [Lus88] proved that the integrable highest weight modules of
ŝl(2) can be deformed to those over Uq(ŝl(2)) in such a way that the dimensions
of the weight spaces are invariant under the deformation. Following the frame-
work of [Lus88] and [Kan95], it was shown in ([CFKM97], [FGM98]) that the
imaginary Verma modules M(λ) can also be q-deformed to the quantum imaginary
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Verma modules Mq(λ) in such a way that the weight multiplicities, both finite and
infinite-dimensional, are preserved.
Lusztig [Lus90] from a geometric view point and Kashiwara [Kas91] from an
algebraic view point introduced the notion of canonical bases (equivalently, global
crystal bases) for standard Verma modules Vq(λ) and integrable highest weight
modules Lq(λ). The crystal basis ([Kas90]) can be thought of as the q = 0 limit
of the canonical basis. An important ingredient in the construction of crystal basis
by Kashiwara in [Kas91], is a subalgebra Bq of the quantum group which acts on
the negative part of the quantum group by left multiplication. This subalgebra Bq,
which is called the Kashiwara algebra, played an important role in the definition
of the Kashiwara operators which defines the crystal basis. The algebra Bq has
been defined in greater generality for integrable cases in [Mas09]. In [CFM10]
we constructed an analog of Kashiwara algebra, denoted by Kq for the imaginary
Verma module Mq(λ) for the quantum affine algebra Uq(ŝl(2)) by introducing cer-
tain Kashiwara-type operators. Then we proved that a certain quotient N−q of
Uq(ĝ) is a simple Kq-module and gave a necessary and sufficient condition for a
particular quotient M¯q(λ) (called reduced imaginary Verma module) of Mq(λ) to
be simple. These results were generalized to all untwisted affine Lie algebras in
[CFM14].
In [CFM17] we considered a category Oqred,im of Uq(ŝl(2))-modules and defined
a crystal-like basis which we called imaginary crystal basis for modules in this
category. We showed that the reduced imaginary Verma modules M¯q(λ) are simple
objects in Oqred,im and any module in O
q
red,im is a direct sum of reduced imaginary
Verma modules for Uq(ŝl(2)). Then we proved the existence of imaginary crystal
basis for a reduced imaginary Verma module M¯q(λ). In this paper we prove the
existence of imaginary crystal basis for any object in the category Oqred,im.
2. Quantum affine algebra Uq(ŝl(2))
Let F denote a field of characteristic zero and q be an indeterminant (not a root
of unity). The quantum affine algebra Uq(ŝl(2)) is the associative F(q
1/2)-algebra
with 1 generated by
E0, E1, F0, F1,K
±1
0 ,K
±1
1 , D
±1
with defining relations:
DD−1 = D−1D = KiK
−1
i = K
−1
i Ki = 1,
EiFj − FjEi = δij
Ki −K
−1
i
q − q−1
,
KiEiK
−1
i = q
2Ei, KiFiK
−1
i = q
−2Fi,
KiEjK
−1
i = q
−2Ej , KiFjK
−1
i = q
2Fj , i 6= j,
KiKj −KjKi = 0, KiD −DKi = 0,
DEiD
−1 = qδi,0Ei, DFiD
−1 = q−δi,0Fi,
E3i Ej − [3]E
2
i EjEi + [3]EiEjE
2
i − EjE
3
i = 0, i 6= j,
F 3i Fj − [3]F
2
i FjFi + [3]FiFjF
2
i − FjF
3
i = 0, i 6= j,
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where, [n] = q
n−q−n
q−q−1 and i, j ∈ {0, 1}.
There is an alternative realization for Uq(ŝl(2)), due to Drinfeld [Dri85], which
we need. Let Uq be the associative algebra with 1 over F(q
1/2) generated by the
elements x±k (k ∈ Z), hl (l ∈ Z \ {0}), K
±1, D±1, and γ±
1
2 with the following
defining relations:
DD−1 = D−1D = KK−1 = K−1K = 1,(2.1)
[γ±
1
2 , u] = 0 ∀u ∈ U,(2.2)
[hk, hl] = δk+l,0
[2k]
k
γk − γ−k
q − q−1
,(2.3)
[hk,K] = 0, [D,K] = 0,(2.4)
DhkD
−1 = qkhk,(2.5)
Dx±k D
−1 = qkx±k ,(2.6)
Kx±kK
−1 = q±2x±k ,(2.7)
[hk, x
±
l ] = ±
[2k]
k
γ∓
|k|
2 x±k+l,(2.8)
x±k+1x
±
l − q
±2x±l x
±
k+1(2.9)
= q±2x±k x
±
l+1 − x
±
l+1x
±
k ,
[x+k , x
−
l ] =
1
q − q−1
(
γ
k−l
2 ψ(k + l)− γ
l−k
2 φ(k + l)
)
,(2.10)
where
∞∑
k=0
ψ(k)z−k = K exp
(
(q − q−1)
∞∑
k=1
hkz
−k
)
,(2.11)
∞∑
k=0
φ(−k)zk = K−1 exp
(
−(q − q−1)
∞∑
k=1
h−kz
k
)
.(2.12)
The isomorphism between Uq(ŝl(2)) and Uq is given by:
E0 7→ x
−
1 K
−1, F0 7→ Kx
+
−1,
E1 7→ x
+
0 , F1 7→ x
−
0 ,
K0 7→ γK
−1, K1 7→ K, D 7→ D.
If one uses the formal sums
(2.13) φ(u) =
∑
p∈Z
φ(p)u−p, ψ(u) =
∑
p∈Z
ψ(p)u−p, x±(u) =
∑
p∈Z
x±p u
−p
Drinfeld’s relations (2.3), (2.8)-(2.10) can be written as
[φ(u), φ(v)] = 0 = [ψ(u), ψ(v)](2.14)
φ(u)x±(v)φ(u)−1 = g(uv−1γ∓1/2)±1x±(v)(2.15)
ψ(u)x±(v)ψ(u)−1 = g(vu−1γ∓1/2)∓1x±(v)(2.16)
(u− q±2v)x±(u)x±(v) = (q±2u− v)x±(v)x±(u)(2.17)
[x+(u), x−(v)] = (q − q−1)−1(δ(u/vγ)ψ(vγ1/2)− δ(uγ/v)φ(uγ1/2))(2.18)
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where g(t) = gq(t) =
∑
k≥0 g(r)t
k is the Taylor series at t = 0 of the function
(q2t− 1)/(t− q2) and δ(z) =
∑
k∈Z z
k is the formal Dirac delta function.
Remark 2.1. Writing g(t) = gq(t) =
∑
r≥0 g(r)t
r we have
(2.19) g(r) = gq(r) = gq−1(r) =
{
q2 if r = 0
(1− q−4)q2(r+1) = (q4 − 1)q2(r−1), if r > 0.
Considering Serre’s relation with k = l, we get
(2.20) x−k x
−
k+1 = q
2x−k+1x
−
k
The product on the right side is in the correct order for a basis element. If k+1 > l
and k 6= l in (2.9), then k + 1 > l+ 1 so that k ≥ l + 1, and thus we can write
(2.21) x−l x
−
k+1 = q
2x−k+1x
−
l − x
−
k x
−
l+1 + q
2x−l+1x
−
k
and then after repeating the above identity, we will eventually arrive at sums of
terms that are in the correct order. This is the opposite ordering of monomials as
we had previously.
3. Ω-operators and the Kashiwara algebra Kq
Let NN
∗
denote the set of all functions from {kδ | k ∈ N∗} to N with finite
support. Then we write
h+ = h
(sk)
+ := h
s1
r1 · · ·h
sl
rk
, h− := h
(sk)
− = h
s1
−r1 · · ·h
sl
−rk
for f = (sm) ∈ NN
∗
where f(rm) = sm and f(t) = 0 for t 6= ri,m ≤ i ≤ l.
Let N−q , be the subalgebra of Uq(ŝl(2)) generated by γ
±1/2, and x−n , n ∈
Z. Consider x−(v) =
∑
n x
−
n v
−n as a formal power series of left multiplication
operators x−n : N
−
q → N
−
q .
As in [CFM10], for fixed k we set
P¯ = x−(v1) · · ·x
−(vk)
P¯l = x
−(v1) · · ·x
−(vl−1)x
−(vl+1) · · ·x
−(vk),
and
Gl = G
1/q
l :=
l−1∏
j=1
gq−1(vj/vl), G
q
l =
l−1∏
j=1
g(vl/vj)
where G1 := 1. Then we define a collection of operators Ωψ(k),Ωφ(k) : N−q → N
−
q ,
k ∈ Z, in terms of the generating functions as follows.
Ωψ(u) =
∑
l∈Z
Ωψ(l)u
−l, Ωφ(u) =
∑
l∈Z
Ωφ(l)u
−l
where
Ωψ(u)(P¯ ) : = γ
m
k∑
l=1
GlP¯lδ(u/vlγ)(3.1)
Ωφ(u)(P¯ ) : = γ
m
k∑
l=1
Gql P¯lδ(uγ/vl).(3.2)
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Note that Ωψ(u)(1) = Ωφ(u)(1) = 0. More generally, let us write
P¯ = x−(v1) · · ·x
−(vk) =
∑
n∈Z
∑
n1,n2,...,nk∈Z
n1+···+nk=n
x−n1 · · ·x
−
nkv
−n1
1 · · · v
−nk
k
Then
ψ(uγ−1/2)Ωψ(u)(P¯ )
=
∑
k≥0
∑
p∈Z
∑
ni∈Z
γk/2ψ(k)Ωψ(p)(x
−
n1 · · ·x
−
nk)v
−n1
1 · · · v
−nk
k u
−k−p
=
∑
ni∈Z
∑
m∈Z
∑
k≥0
γk/2ψ(k)Ωψ(m− k)(x
−
n1 · · ·x
−
nk
)v−n11 · · · v
−nk
k u
−m
while
[x+(u), P¯ ] =
∑
m∈Z
∑
n1,n2,...,nk∈Z
[x+m, x
−
n1 · · ·x
−
nk ]v
−n1
1 · · · v
−nk
k u
−m.
Thus for a fixed m and k-tuple (n1, . . . , nk) the sum∑
k≥0
γk/2ψ(k)Ωψ(m− k)(x
−
n1 · · ·x
−
nk
)
must be finite. Hence
(3.3) Ωψ(m− k)(x
−
n1 · · ·x
−
nk) = 0,
for k sufficiently large.
Proposition 3.1 ([CFM10], Prop. 4.0.3). We have
Ωψ(u)x
−(v) = δ(vγ/u) + gq−1(vγ/u)x
−(v)Ωψ(u),(3.4)
Ωφ(u)x
−(v) = δ(uγ/v) + g(uγ/v)x−(v)Ωφ(u)(3.5)
(q2u1 − u2)Ωψ(u1)Ωψ(u2) = (u1 − q
2u2)Ωψ(u2)Ωψ(u1)(3.6)
(q2u1 − u2)Ωφ(u1)Ωφ(u2) = (u1 − q
2u2)Ωφ(u2)Ωφ(u1)(3.7)
(q2γ2u1 − u2)Ωφ(u1)Ωψ(u2) = (γ
2u1 − q
2u2)Ωψ(u2)Ωφ(u1).(3.8)
The identities in Proposition 3.1 can be rewritten as
(q2vγ − u)Ωψ(u)x
−(v) = (q2vγ − u)δ(vγ/u) + (q2vγ − u)x−(v)Ωψ(u),(3.9)
(q2v − uγ)Ωφ(u)x
−(v) = (q2v − uγ)δ(v/uγ) + (v − q2uγ)x−(v)Ωφ(u)(3.10)
which may be written out in terms of components as
q2γΩψ(m)x
−(n+ 1)− Ωψ(m+ 1)x
−
n(3.11)
= (q2γ − 1)δm,−n−1 + γx
−
n+1Ωψ(m)− q
2x−nΩψ(m+ 1),
q2Ωφ(m)x
−(n+ 1)− γΩφ(m+ 1)x
−(n)(3.12)
= (q2 − γ)δm,−n−1 + x
−(n+ 1)Ωψ(m)− q
2γx−(n)Ωψ(m+ 1).
We also have by (3.8)
(3.13) Ωψ(k)Ωφ(m) =
∑
r≥0
g(r)γ2rΩφ(r +m)Ωψ(k − r),
as operators on N−q .
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We can also write (3.4) in terms of components and as operators on N−q
(3.14) Ωψ(k)x
−(m) = δk,−mγ
k +
∑
r≥0
gq−1(r)x
−(m+ r)Ωψ(k − r)γ
r .
The sum on the right hand side turns into a finite sum when applied to an element
in N−q , due to (3.3).
Proposition 3.2. [CFM10] There is a unique nondegenerate symmetric bi-
linear form ( , ) defined on N−q satisfying
(x−ma, b) = (a,Ωψ(−m)b), (1, 1) = 1.
For m = (m1, . . . ,mn) set
xm = x
−
m1 · · ·x
−
mn
and define the length of such a Poincare-Birkhoff-Witt basis element to be |m| = n.
Proposition 3.3. [CFM17] Form = (m1, . . . ,mn) ∈ Zn, and k = (k1, . . . , kl) ∈
Zl, if n > l, then
(3.15) (xm, xk) = 0.
On the other hand if n = l with
m1 ≥ m2 ≥ · · · ≥ mn, k1 ≥ k2 ≥ · · · ≥ kn,
n∑
i=1
mi =
n∑
i=1
ki
we have
(3.16) (xm, xk) ≡ δm,k mod q
2
Z[[q]].
The Kashiwara algebra Kq is defined to be the F(q1/2)-subalgebra of End (N−q )
generated by Ωψ(m), x
−
n , γ
±1/2, m,n ∈ Z, γ±1/2. Then the γ±1/2 are central and
the following relations (which are implied by (3.14)) are satisfied
q2γΩψ(m)x
−
n+1 − Ωψ(m+ 1)x
−
n(3.17)
= (q2γ − 1)δm,−n−1 + γx
−
n+1Ωψ(m)− q
2x−nΩψ(m+ 1)
q2Ωψ(k + 1)Ωψ(l)− Ωψ(l)Ωψ(k + 1) = Ωψ(k)Ωψ(l + 1)− q
2Ωψ(l + 1)Ωψ(k)
(3.18)
(3.19) x−l x
−
k+1 − q
2x−k+1x
−
l = q
2x−l+1x
−
k − x
−
k x
−
l+1
together with
γ1/2γ−1/2 = 1 = γ−1/2γ1/2.
Then N−q is a simple Kq-module ([CFM10], Theorem 7.0.14).
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4. Quantized Imaginary Verma Modules and Category Oqred,im
We begin by recalling some basic facts for the affine Kac-Moody algebra ŝl(2)
over field F with generalized Cartan matrix A = (aij)0≤i,j≤1 =
(
2 −2
−2 2
)
and its imaginary Verma modules. We use notations in [Kac90].
g = ŝl(2) = sl(2)⊗ F[t, t−1]⊕ Fc⊕ Fd
with Lie bracket relations
[x⊗ tn, y ⊗ tm] = [x, y]⊗ tn+m + nδn+m,0(x, y)c,
[x⊗ tn, c] = 0 = [d, c], [d, x⊗ tn] = nx⊗ tn,
for x, y ∈ sl(2), n,m ∈ Z, where ( , ) denotes the trace form on sl(2). For x ∈ sl(2)
and n ∈ Z, we write x(n) for x⊗ tn. We consider the usual basis for sl(2):{
e =
(
0 1
0 0
)
, f =
(
0 0
1 0
)
, h =
(
1 0
0 −1
)}
.
Then {e0 = f(1), e1 = e(0), f0 = e(−1), f1 = f(0), h0 = −h(0) + c, h1 = h(0), d}
generate g and h = span{h0, h1, d} is the Cartan subalgebra.
Let ∆ denote the root system of ŝl(2), {α0, α1} the simple roots, δ = α0+α1 the
minimal imaginary root , {Λ0,Λ1} fundamental weights and P = ZΛ0 ⊕ ZΛ1 ⊕ Zδ
the weight lattice. Then
∆ = {±α1 + nδ | n ∈ Z} ∪ {kδ | k ∈ Z \ {0}}.
A subset S of the root system ∆ is called closed if α, β ∈ S and α + β ∈ ∆
implies α + β ∈ S. The subset S is called a closed partition of the roots if S is
closed, S ∩ (−S) = ∅, and S ∪ −S = ∆ [JK85],[JK89],[Fut90],[Fut92]. The set
S = {α1 + kδ | k ∈ Z} ∪ {lδ | l ∈ Z>0}
is a closed partition of ∆ and is W × {±1}-inequivalent to the standard partition
of the root system into positive and negative roots [Fut94].
Let g
(S)
± =
∑
α∈S gˆ±α. We have that g
(S)
+ is the subalgebra generated by e(k)
(k ∈ Z) and h(l) (l ∈ Z>0) and g
(S)
− is the subalgebra generated by f(k) (k ∈ Z)
and h(−l) (l ∈ Z>0). Since S is a partition of the root system, the algebra has a
direct sum decomposition:
g = g
(S)
− ⊕ h⊕ g
(S)
+ .
Let U(g
(S)
± ) be the universal enveloping algebra of g
(S)
± . Then, by the PBW theorem,
we have
U(g) ∼= U(g
(S)
− )⊗ U(h)⊗ U(g
(S)
+ ),
where U(g
(S)
+ ) is generated by e(k) (k ∈ Z), h(l) (l ∈ Z>0), U(g
(S)
− ) is generated by
f(k) (k ∈ Z), h(−l) (l ∈ Z>0) and U(h), the universal enveloping algebra of h. A
U(g)-module V is called a weight module if V = ⊕µ∈PVµ, where
Vµ = {v ∈ V | h · v = µ(h)v, c · v = µ(c)v, d · v = µ(d)v}.
Any submodule of a weight module is a weight module. A U(g)-module V is called
an S-highest weight module with highest weight λ ∈ P if there is a non-zero vλ ∈ V
such that (i) u+ ·vλ = 0 for all u
+ ∈ U(g
(S)
+ )\F
∗, (ii) h ·vλ = λ(h)vλ, c ·vλ = λ(c)vλ,
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d · vλ = λ(d)vλ, (iii) V = U(gˆ) · vλ = U(g
(S)
− ) · vλ. An S-highest weight module is a
weight module.
For λ ∈ P , let IS(λ) denote the ideal of U(g) generated by e(k) (k ∈ Z),
h(l) (l > 0), h − λ(h)1, c − λ(c)1, d − λ(d)1. Then M(λ) = U(g)/IS(λ) is the
imaginary Verma module of g with highest weight λ. Imaginary Verma modules
have many structural features similar to those of standard Verma modules, with
the exception of the infinite-dimensional weight spaces [Fut94]. It was shown in
[CFKM97] that the imaginary Verma modules M(λ) for g can be q-deformed to
the quantum imaginary Verma module Mq(λ) for Uq(g) in such a way that the
weight multiplicities, both finite and infinite-dimensional, are preserved. Indeed for
λ ∈ P the quantum imaginary Verma module Mq(λ) can be described as follows.
Denote by Iq(λ) the ideal of Uq generated by x
+(k), k ∈ Z, a(l), l > 0, K±1−qλ(h)1,
γ±
1
2 − q±
1
2
λ(c)1 and D±1 − q±λ(d)1. Then
Mq(λ) = Uq/I
q(λ).
Theorem 4.1 ([CFKM97], Theorem 3.6). The imaginary Verma moduleMq(λ)
is simple if and only if λ(c) 6= 0.
Suppose now that λ(c) = 0. Then γ±
1
2 acts on Mq(λ) by 1. Consider the ideal
Jq(λ) of Uq generated by I
q(λ) and a(l) for all l. Denote
M¯q(λ) = Uq/J
q(λ).
Then M¯q(λ) is a homomorphic image ofMq(λ) which is called the reduced quantized
imaginary Verma module. The module M¯q(λ) has a P -gradation:
M¯q(λ) =
∑
ξ∈P
M¯q(λ)ξ.
Theorem 4.2 ([CFM10]). Let λ ∈ P be such that λ(c) = 0. Then the module
M¯q(λ) is simple if and only if λ(h) 6= 0.
Consider the set h∗red := {λ ∈ h
∗ |λ(c) = 0, λ(h) 6= 0}. Let Gq be the quantized
Heisenberg subalgebra generated by hk, k ∈ Z \ {0} and γ. We say that a nonzero
Uq(g)-module V is Gq-compatible if V has a decomposition V = TF (V ) ⊕ T (V )
into a sum of nonzero Gq-submodules such that Gq is bijective on TF (V ) (that
any nonzero element g ∈ Gq is a bijection on TF (V )) and TF (V ) has no nonzero
Uq(g)-submodule, and Gq · T (V ) = 0.
The category Oqred,im has as objects Uq(g)-modules M such that
(1)
M =
⊕
ν∈h∗
red
Mν , where Mν = {m ∈M |Km = K
ν(h)m, Dm = qν(d)m},
(2) x+n , n ∈ Z act locally nilpotently,
(3) M is Gq-compatible.
The morphisms in this category are the Uq(g)-module homomorphisms. Then for
M ∈ Oqred,im there exists λi ∈ h
∗
red, i ∈ I, with M
∼=
⊕
i∈I M¯q(λi) ([CFM17],
Theorem 6.0.4).
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ForM ∈ Oqred,im, we can writeM = ⊕iM¯q(λi) with M¯q(λi) = ⊕F(q
1/2)x−n1 · · ·x
−
nk
vλi .
We define Ω˜ψ(m) and x˜
−
m on each M¯q(λi) as in (3.1):
Ω˜ψ(m)(x
−
n1 · · ·x
−
nkvλi) := Ωψ(m)(x
−
n1 · · ·x
−
nk)vλi(4.1)
x˜−m(x
−
n1 · · ·x
−
nk
vλi) := x
−
mx
−
n1 · · ·x
−
nk
vλi .(4.2)
Hence the following result follows.
Theorem 4.3. [CFM17] The operators Ω˜ψ(m) and x˜
−
m are well defined on
objects in the category Oqred,im. Moreover on each summand M¯q(λi)
∼= N−q they
agree with the Ωψ(m) respectively left multiplication by x
−
m defined as in (3.1).
Theorem 4.4. The operators Ω˜ψ(m) and x˜
−
m commute with Uq(g)-module ho-
momorphisms.
Proof. It is enough to prove the statement for a Uq(g)-module homomorphism
ν : M¯q(λ) → M from a highest weight module M¯q(λ) to any module M ∈ O
q
ref,im
for some λ ∈ h∗red. Now since M¯q(λ) is simple, its image under ν is isomorphic to
M¯q(λ).
Consider now a basis element of M¯q(λ) of the form x
−
n1 · · ·x
−
nkvλ. Then
ν
(
Ω˜ψ(m)(x
−
n1 · · ·x
−
nkvλ)
)
= ν
(
Ωψ(m)(x
−
n1 · · ·x
−
nk)vλ
)
= Ωψ(m)(x
−
n1 · · ·x
−
nk
)ν (vλ)
= Ω˜ψ(m)
(
x−n1 · · ·x
−
nkν(vλ)
)
= Ω˜ψ(m)ν
(
x−n1 · · ·x
−
nkvλ
)
and
ν
(
x˜−m(x
−
n1 · · ·x
−
nk
)vλ
)
= ν
(
x−m(x
−
n1 · · ·x
−
nk
)vλ
)
= x−m(x
−
n1 · · ·x
−
nk)ν (vλ)
= x˜−m
(
x−n1 · · ·x
−
nk
ν(vλ)
)
= x˜−mν
(
x−n1 · · ·x
−
nk
vλ
)
.

5. Imaginary crystal lattice and imaginary crystal basis
We first recall the definition of imaginary crystal lattice and imaginary crystal
basis for modules in category Oqred,im. Let A0 to be the ring of rational functions
in q1/2 with coefficients in a field F of characteristic zero, regular at 0. Let A =
F[q1/2, q−1/2, 1[n]q , n > 1], and pi = {−kα1 + mδ | k > 0,m ∈ Z} ∪ {0}. Let M ∈
Oqred,im. We call a free A0-submodule L of M an imaginary crystal A0-lattice of M
if the following hold
(i) F(q1/2)⊗A0 L ∼=M ,
(ii) L = ⊕λ∈piLλ and Lλ = L ∩Mλ,
(iii) Ω˜ψ(m)L ⊆ L and x˜−mL ⊆ L for all m ∈ Z.
An imaginary crystal basis of a Uq(g)-module M ∈ O
q
red,im is a pair (L,B)
satisfying
(1) L is an imaginary crystal lattice of M ,
(2) B is an F-basis of L/qL ∼= F⊗A0 L,
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(3) B = ⊔µ∈piBµ, where Bµ = B ∩ (Lµ/qLµ),
(4) x˜−mB ⊂ ±B ∪ {0} and Ω˜ψ(m)B ⊂ ±B ∪ {0},
(5) For m ∈ Z, if Ω˜ψ(−m)b 6= 0 and x˜−mb 6= 0 for b ∈ B, then x˜
−
mΩ˜ψ(−m)b =
Ω˜ψ(−m)x˜
−
mb. .
For λ ∈ h∗red, M¯q(λ) ∈ O
q
red,im, define
L(λ) : =
∑
k≥0
i1≥···≥ik,ij∈Z
A0x
−
i1
· · ·x−ikvλ ⊂ N
−
q vλ = M¯q(λ).
Then L(λ) is a imaginary crystal A0-lattice [CFM17] since
(i) F(q1/2)⊗A0 L(λ) ∼= M¯q(λ),
(ii) L(λ) = ⊕µ∈piL(λ)µ where L(λ)µ = L(λ) ∩ M¯q(λ)µ,
(iii) Ω˜ψ(m)L(λ) ⊆ L(λ) and x˜−mL(λ) ⊆ L(λ) for all m ∈ Z.
Proposition 5.1. [CFM17] For λ ∈ h∗red we have
L(λ) =
{
u ∈ M¯q(λ) | (u, M¯q(λ)) ⊂ A0
}
.
For λ ∈ h∗ define
B(λ) :=
{
x˜−i1 · · · x˜
−
ik
vλ + qL(λ) ∈ L(λ)/qL(λ) | i1 ≥ · · · ≥ ik
}
.
Theorem 5.2. [CFM17] For λ ∈ h∗red, the pair (L(λ),B(λ)) is an imaginary
crystal basis of the reduced imaginary Verma module M¯q(λ).
Now suppose M ∈ Oqred,im. Then there exists λi ∈ h
∗
red, i ∈ I, with M
∼=⊕
i∈I M¯q(λi). Let (L(λi),B(λi)) be the imaginary crystal basis for M¯q(λi) for
i ∈ I. Set L =
⊕
i∈I L(λi) and B =
⊔
i∈I B(λi).
Theorem 5.3. The pair (L,B) is an imaginary crystal basis for M ∈ Oqred,im.
Proof. First let us see that L is an imaginary crystal lattice:
(i) F(q1/2)⊗A0 L ∼= ⊕i∈IF(q
1/2)⊗A0 L(λi) ∼= ⊕i∈IM¯q(λi) =M ,
(ii) First we show that Lµ = (⊕i∈IL(λi))µ = ⊕i∈IL(λi)µ where L(λi)µ = L(λi)∩
Mµ. This follows because if u ∈ (⊕i∈IL(λi))µ, then
u =
∑
i∈I
ui
with ui ∈ L(λi) and Ku = qµ(h)u. Moreover since L(λi) = ⊕µi∈piL(λi)µi ,
ui =
∑
µi∈pi
ui,µi
with ui,µi ∈ L(λi) and∑
i∈I
∑
µi∈pi
qµ(h)ui,µi =
∑
i∈I
qµ(h)ui = q
µ(h)u = Ku =
∑
i∈I
Kui
=
∑
i∈I
∑
µi∈pi
Kui,µi =
∑
i∈I
∑
µi∈pi
qµi(h)ui,µi .
Now since the sum ⊕i∈IL(λi) is direct, the above gives us∑
µi∈pi
(
qµ(h) − qµi(h)
)
ui,µi = 0
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for each i. Since L(λi) = ⊕µi∈piL(λi)µi is a direct sum we have µ = µi for
all i. Thus ui,µi ∈ L(λi) ∩Mµ = L(λi)µ. Finally we have L = ⊕i∈IL(λi) =
⊕i∈I ⊕µ∈pi L(λi)µ = ⊕µ∈pi ⊕i∈I L(λi)µ = ⊕µ∈piLµ and Lµ = L ∩Mµ.
(iii) Ω˜ψ(m)L = Ω˜ψ(m) (⊕i∈IL(λi)) =
(
⊕i∈IΩ˜ψ(m)L(λi)
)
⊆ ⊕i∈IL(λi) = L and
x˜−mL = x
−
m (⊕i∈IL(λi)) = (⊕i∈I x˜
−
mL(λi)) ⊆ ⊕i∈IL(λi) = L for all m ∈ Z.
This proves that L is an imaginary crystal lattice.
We know that B(λi) is a F-basis of L(λi)/qL(λi) = F⊗A0 L(λi) for each i ∈ I.
Now
L/qL = (⊕i∈IL(λi)) /q (⊕i∈IL(λi))
∼= ⊕i∈I (L(λi)/qL(λi)) ∼= ⊕i∈I (F⊗A0 L(λi)) ∼= F⊗A0 L
since L = ⊕i∈IL(λi). Hence L/qL has the F-basis ⊔i∈IB(λi) = B.
For (3) we have
B = ⊔i∈IB(λi) = ⊔i∈I ⊔µ∈pi B(λi)µ = ⊔µ∈pi ⊔i∈I B(λi)µ = ⊔µ∈piBµ
where Bµ := ⊔i∈IB(λi)µ and
Bµ = ⊔i∈I (B(λi) ∩ (L(λi)µ/qL(λi)µ)
= ⊔i∈IB(λi) ∩ (⊕j∈I(L(λj)µ/qL(λj)µ))
= (⊔j∈IB(λi)) ∩ Lµ/qLµ
= B ∩ Lµ/qLµ.
For (4) one notes that x˜−mB = ⊔i∈I x˜
−
mB(λi) ⊆ ± ⊔i∈I B(λi) ∪ {0} ⊂ ±B ∪ {0}
and similarly Ω˜ψ(m)B ⊂ ±B ∪ {0},
For (5) we take b ∈ B and suppose Ω˜ψ(−m)b 6= 0 and x˜−mb 6= 0. Now b ∈
B(λi) for some i ∈ I. Since (L(λi),B(λi)) is an imaginary crystal basis, we have
x˜−mΩ˜ψ(−m)b = Ω˜ψ(−m)x˜
−
mb.

We also have the following partial converse.
Theorem 5.4. LetM =M1⊕M2 whereM1 andM2 are modules in the category
Oqred,im and suppose (L,B) is an imaginary crystal basis for M . Furthermore,
suppose that there exists A0-submodules Lj ⊂ Mj, and subsets Bj ⊂ Lj/qLj , j =
1, 2 such that L = L1⊕L2 and B = B1 ⊔B2. Then (Lj ,Bj) is an imaginary crystal
basis of Mj, j = 1, 2.
Proof. It is straightforward to see that F(q1/2) ⊗A0 (Lj)µ ∼= (Mj)µ (µ ∈ pi),
Lj = L∩Mj and Bj = B∩ (Lj/qLj) for j = 1, 2 (see for instance [HK00, Theorem
4.2.10]).
Let u ∈ Lµ, for some µ ∈ pi. Then u = u1 + u2 ∈ L1 ⊕ L2 and
Ku1 +Ku2 = Ku = q
µ(h) = qµ(h)u1 + q
µ(h)u2
Then Ku1 − qµ(h)u1 = −Ku2 + qµ(h)u2 which must be zero since L ∩ L2 = {0}.
Thus uj ∈ Lj,µ, j = 1, 2. Hence Lµ = L1,µ ⊕ L2,µ.
For u ∈ Lj ⊂ L, u ∈ ⊕µ∈piLµ, so as a consequence u =
∑
µ∈pi uµ with uµ ∈ Lµ
and we can write uµ = u1,µ + u2,µ with uj,µ ∈ (Lj)µ := Lj ∩Mµ. Consequently
u −
∑
µ∈pi uj,µ =
∑
λ∈pi uk,µ ∈ Lj ∩ Lk with k 6= j. Hence u −
∑
µ∈pi uj,µ = 0 and
we have u ∈ ⊕µ∈piLj,µ.
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Let pj : M → Mj denote the natural projections which are Uq(g)-module
homomorphisms . Consider uj ∈ Lj . Since Ωψ(m)L ⊂ L and x¯−mL ⊂ L we write
Ωψ(m)u1 = u¯1+ u¯2 and x¯
−
mu1 = uˇ1+ uˇ2 with uˇj , u¯j ∈ Lj . By Theorem 4.4 we have
Ωψ(m)(u1) = Ωψ(m)p1(u1) = p1Ωψ(m)(u1) = u¯1
and
x¯−m(u1) = x¯
−
mp1(u1) = p1x¯
−
m(u1) = uˇ1
Hence Ωψ(m)(u1) ∈ L1 and x¯−m(u1) ∈ L1. Similarly Ωψ(m)(L2) ⊂ L2 and x¯
−
m(L2) ⊂
L2. This concludes the proof that Lj are imaginary crystal lattices.
We can write
L1/qL1 ⊕ L2/qL2 ∼= L/qL ∼= F⊗A0 L ∼= F⊗A0 L1 ⊕ F⊗A0 L2
Using this isomorphism we have Bj = B ∩ (Lj/qLj) is an F-basis of Lj/qLj ∼=
F⊗A0 Lj . Next we have
B = B1 ⊔ B2
and thus Bj = ⊔µ∈pi(Bj)µ where (Bj)µ = Bj ∩ ((Lj)µ/q(Lj)µ).
Since the operators Ωψ(m) and x¯
−
m commute with Uq(g)-module homomor-
phisms in the category Oqred,im (Theorem 4.4), we have that Ωψ(m)Bj ⊂ Bj ∪ {0}
and x¯−mBj ⊂ Bj ∪ {0} for all m and j = 1, 2.
For m ∈ Z, if Ω˜ψ(−m)b 6= 0 and x˜−mb 6= 0 for b ∈ Bj (and hence b ∈ B), then
x˜−mΩ˜ψ(−m)b = Ω˜ψ(−m)x˜
−
mb.
This completes the proof that (Lj ,Bj) is an imaginary crystal basis for j =
1, 2. 
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